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We investigate the effect of the inertial and non-inertial segments of relativistic motion on the
quantum Fisher information of (1 + 1) Dirac field modes confined to cavities. For the purpose we
consider θ parameterized two-qubit pure entangled state. In this setting, the initial state is obtained
by a unitary operation which entangles the two confined modes of cavities of Alice and Bob. In
the situation that Rob’s cavity, initially inertial, accelerates uniformly with respect to its proper
time and then again becomes inertial while Alice’s cavity remains inertial, we analyze the quantum
Fisher information of the system. First of all, we find that the quantum Fisher information of the
pure composite system Fθ with respect to parameter θ is invariant regardless of the non-inertial
movement. However in the quantum Fisher information distribution over the subsystems of Alice’s
and Rob’s cavities, the quantum Fisher information over the Rob’s cavity is shown to be the periodic
degradation behavior depending upon the parameter θ. In order to check whether the invariance
of the quantum Fisher information of the composite system is an intrinsic property, we consider a
depolarizing state of the pure composite system. Then we show that the quantum Fisher information
of the Werner state with respect to parameter θ is not invariant. Furthermore for the non-inertial
motion of a single cavity, we find that the quantum Fisher information with respect to parameter θ
for a θ parameterized initial state is degraded in terms of acceleration. Finally subadditivity of the
quantum Fisher information is shown regardless of the pure composite system or the Werner state.
I. INTRODUCTION
Recently quantum Fisher information (QFI) [1–3] has gained considerable attention as a promising candidate to
understand the information contents of quantum states. It is well known that QFI has been successfully applied
to quantum statistical inference and estimation theory [4, 5]. When information is encrypted in a set of quantum
states, more often in terms of appropriate parameters, extraction of the encoded information requires the distinction
between different quantum states. This requirement can be accomplished through measurements that yield a set
of observations characterized by those parameters. Therefore the problem of distinguishing the quantum states is
transformed into a problem of parameter estimation.
The classical Fisher information is known to provide the lower bound on the variance of the parameter estimation
in terms of the well known Crame´r-Rao bound. For asymptotically large sets of observations, the maximum likelihood
estimation (MLE) approach provides unbiased parameter estimation that can attain this bound [6]. However, when one
should deal with quantum information, since quantum information content is much more complex and intrinsically
contains non-trivial characteristics that can not be associated with their classical counterpart [1, 7], the quantum
Fisher information should be coined [2, 3, 7] as a natural extension to the classical Fisher information.
Furthermore, successful efforts to combine relativity and quantum information theory have opened new avenues to
explain quantum behavior at a macroscopic scale [8–12]. A focus of this area of research is the dynamics of information
contents under the Unhruh-Hawking effect [13–15]. For example, the dynamics of entanglement [16–20], quantum
discord [21–23], and fidelity of teleportation [24, 36] have already been studied. For instance, the correlations induced
by maximally entangled bosonic or fermionic bipartite states were found to be degraded due to the accelerated motion
of one party with respect to the other inertial party [17, 19].
The study of Unruh-Hawking effect on the quantum Fisher information is a crucial step to use QFI as a reliable
resource for quantum metrology in a relativistic regime. Aspachs et al. described the optimal detection process
of Unruh-Hawking effect itself and showed that the Fock states can achieve maximal QFI with a scalar field in a
two-dimensional Minkowski spacetime [25]. In [26] authors investigated the performance of QFI for both scalar and
Dirac fields parameterized by weight and phase parameters in non-inertial frames. In [27, 37], the authors evaluated
the QFI of the acceleration parameter for the relativistic scalar and Bosonic quantum fields confined to a cavity using
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The main contribution of this paper is to investigate QFI under the influence of non-uniform motion, on the precision
of parameter estimation for the parameter θ. The parameter θ is encoded through a unitary operation, which causes
the two-qubit entangled state of the Dirac fields confined in two cavities. In other words, the entangling power of
a unitary operation is precisely unknown, and the parameter θ arises naturally. Although, the evaluation of QFI
for various physical parameters in the inertial frames is equally important and has been studied recently in different
scenarios, in this manuscript the QFI dynamics is investigated in the perspective of non-uniform motion.
More precisely, we follow the Dirac field analysis proposed in [19], where the modes of massless Dirac field are
confined to the two cavities with Dirichlet’s boundary conditions and one of the cavities remains inertial while the
other cavity undergoes the segments of inertial and non-inertial motion with uniform acceleration. We restrict the
uniform acceleration to be very small (a 1) and use perturbation theory to observe the variation of the QFI for the
confined modes of the Dirac field with respect to the parameter θ, under the accelerated motion.
The rest of the paper is organized as follows. In Sec. II, we briefly review the properties of QFI and discuss the recent
developments regarding its analytic evaluation. The perturbed Bogoliubov coefficients and Fock space quantization
for vacuum and one charged particle fermionic states in the cavities are described in Sec. III. The QFI for two mode
fermionic Fock state shared between Alice’s and Rob’s cavities and distribution of QFI over each cavity is discussed
in Sec. IV. And the behavior of QFI for parameterized initial state in a single cavity under the non-initial motion is
studied. In Sec. V, we extend our investigation to Werner state [38]. In Sec. VI, we conclude and discuss our results.
II. QUANTUM FISHER INFORMATION
Consider a quantum state ρλ having a one parameter family of N-dimensional quantum states, with parameter λ.
A set of quantum measurements {E (ξ)}, which is POVM, should be performed on ρλ to extract the information
about unknown parameter λ. This process resembles the classical case where the parameter estimation is performed
from the observed data obtained from classical experiments and the efficiency of the estimate(s) is measured in terms
of the classical Fisher information [3, 6, 7]
Fλ =
∫
dξp (ξ|λ) [∂λ ln p (ξ|λ)]2 =
∫
dξ
(∂λp (ξ|λ))2
p (ξ|λ) , (1)
where p (ξ|λ) denotes the conditional probability of observing the result ξ provided the value of the parameter is λ.
However, the quantum Fisher information differs significantly in the operational sense due the fact that the probability
p (ξ|λ) results from measurement by the quantum operator E (ξ) rather than a mere classical experiment. According
to Born’s rule, p (ξ|λ) = Tr [E (ξ) ρλ] represents the conditional probability of obtaining the outcome ξ when the
given value of the parameter is λ. In the quantum world, the parameter estimation problem can be thought of as the
problem of searching for the set of measurements {E (ξ)} that yields the optimal value of (1). Therefore, the quantum
Fisher information can be defined as [1, 2]
Fλ = max
E(ξ)
Fλ. (2)
Further, using the notion of symmetric logarithmic derivative (SLD) introduced in [3]
∂λρλ =
1
2
(ρλLλ + Lλρλ) , (3)
we obtain an alternate expression for the QFI as
Fλ = Tr
(
ρλL
2
λ
)
= Tr (∂λρλLλ) , (4)
where the operator Lλ is the solution of the Lyapunov matrix equation [29] given by Eq. (3). It is worth noticing that
expressions of QFI in (2) and (4) are equivalent in the sense that the operator Lλ admits the spectral decomposition
in the same basis as used for the spectral decomposition of ρλ. Therefore, based on the spectral decomposition
ρλ =
∑N
i=1 pi|ψi × ψi|, the operator Lλ is written as [29]
Lλ = 2
N∑
m,n
|< ψm |∂λρλ|ψn >|
pm + pn
|ψm × ψn| , (5)
3where the eigenvalues pi ≥ 0 and
∑N
i=1 pi = 1. In turn, the set of eigenvectors of Lλ provides the optimal POVM to
obtain the QFI. Making use of (4) and (5), the QFI can be rewritten as [29]
Fλ = 2
N∑
m,n
|< ψm |∂λρλ|ψn >|2
pm + pn
. (6)
Using the completeness relation
N∑
i=M+1
|ψi × ψi| = I−
M∑
i=1
|ψi × ψi|, (7)
where M denotes the number of eigenvectors corresponding to non-zero eigenvalues and represents the dimension of
the support of ρλ, Zhang et al. provided a relatively simple expression to evaluate the QFI for general states as [30]
Fλ =
M∑
i=1
(∂λpi)
2
pi
+
M∑
i=1
4piFλ,i −
M∑
i 6=j
8pipj
∣∣〈ψi|∂λψj〉∣∣2
pi + pj
, (8)
where Fλ,i is the QFI of the pure state |ψi > given by
Fλ,i =
〈
∂λψi|∂λψi
〉− ∣∣〈ψi|∂λψi〉∣∣2 . (9)
It is noteworthy that the QFI of a low rank density matrix is now only determined by its support spanned by the
eigenvectors, |ψi
〉
; i = 1, · · · ,M , corresponds to nonzero eigenvalues. In fact, the first term on the right hand side of
(8) represents the classical case where the set of nonzero eigenvalues behaves like a classical probability distribution.
And the second contribution of (8) denotes the weighted average of QFI due to all the pure-states. The last term of (8)
captures the QFI from the mixture of pure states and therefore causes the decrease in the total QFI. Therefore, the last
two terms can be interpreted as the quantum part of the Fisher information while the first term represents its classical
constituent. In this paper, we will exploit Eq. (8) due to its relative simplicity and clear physical interpretation to
find the QFI for the modes of the Dirac field confined to the inertial and non-inertial cavities.
III. BOGOLIUBOV TRANSFORMATION FOR INERTIAL AND NON-INERTIAL SEGMENTS
In order to find the unitary transformation of cavity’s transitions between the inertial and non-inertial segments
of motion, we setup two cavities with the observers referred to as Alice and Rob, respectively. Both the cavities are
inertial and completely overlap at t = 0. Here we assume that the cavity walls are placed at x = a and x = b where
0 < a < b. Rob’s cavity then moves with uniform acceleration to the right along the time-like killing vector ∂η for
duration η = 0 to η = η1 in the Rindler co-ordinates. Duration of the acceleration,
2
a+b , with respect to proper time
measured at the center of the cavity is thus τ1 =
a+b
2 η1. Finally, Rob’s cavity again becomes inertial with respect to
its rest frame. The Alice’s cavity remains inertial throughout this trip of Rob’s cavity. Therefore, three segments of
Rob’s trajectories can be identified as Regions I, II and III.
This grafting process of cavity motion is explained here to make this paper sufficiently self contained. Earlier the same
process is introduced and exploited by [19, 31] to study the dynamics of the entanglement for bosonic and fermionic
cavities.
The Dirac field representation in three regions is
I: ψ =
∑
n≥0
anψn +
∑
n<0
b†nψn, (10a)
II: ψ =
∑
n≥0
aˆnψˆn +
∑
n<0
bˆ†nψˆn, (10b)
III: ψ =
∑
n≥0
a˜nψ˜n +
∑
n<0
b˜†nψ˜n, (10c)
with the respective non vanishing anticommutators
I: {am, a†n} = {bm, b†n} = δmn, (11a)
II: {aˆm, aˆ†n} = {bˆm, bˆ†n} = δmn, (11b)
III: {a˜m, a˜†n} = {b˜m, b˜†n} = δmn. (11c)
4Using Bogoliubov transformation, the Dirac field modes between Region I and II are related as [19]
ψˆm =
∑
n
Amnψn, (12)
where ψn and ψˆm are the Dirac field modes in regions I and II respectively. For the small acceleration case, Friis
et al. [19] derived these coefficients Amn in the perturbative regime by introducing the dimensionless parameter
h = 2La+b , satisfying 0 < h < 2. These coefficients preserve the unitarity of the transformation to the order O
(
h2
)
for
s > 0, s→ 0+ and are given in terms of Maclaurin’s series expansion as [19, 31]
Amn = A
(0)
mn +A
(1)
mn +A
(2)
mn +O(h
3), (13)
where the superscripts indicate the power of parameter h. During the non-inertial trajectory, modes ψˆm in Rob’s
cavity remain independent and do not interact. Hence, these modes can only develop some phases during the non-
inertial duration 0 ≤ η ≤ η1. This change in the modes can be balanced by introducing a diagonal matrix G (η1)
whose diagonal entries are [19]
Gnn (η1) = exp (iΩnη1) . (14)
For η ≥ η1, the transformation from region II to region III can be obtained by simply using the inverse transformation
A† = A−1. The evolution of the Dirac field mode from region I to region III in Rob’s cavity can then be expressed by
the Bogoliubov transformation matrix
A = A†G (η1)A. (15)
Thus the Bogoliubov transformation for the Dirac field modes between regions I and III reads
ψ˜m =
∑
n
Amnψn. (16)
It can be noticed that A, being the composition of unitary matrices, is also a unitary matrix to the order h2. Similarly,
the Bogoliubov transformation for the Dirac field mode operators can also be expressed as [19, 31]
k > 0 : ak =
∑
l≥0
a˜lAlk +
∑
l<0
b˜†lAlk, (17a)
k < 0 : bk =
∑
l≥0
a˜†lAlk +
∑
l<0
b˜lAlk. (17b)
The relation between the Fock vacua in regions I and III denoted by |0〉 and |0˜〉 is [11, 19]
|0〉 = NeW |0˜〉, (18)
where
W =
∑
p≥0,q<0
Vpqa˜
†
pb˜
†
q. (19)
The coefficient matrix V and the normalization constant N are the unknowns to be evaluated. Using (10a),(10c), and
(16), the coefficient matrix is given by
V = V (0) + V (1) +O(h2) = V (1) +O(h2), (20)
with
V (1)pq = A(1)∗pq Gq = −A(1)qp G∗p (21)
The relation between Fock vacua in regions I and III given by (18) yields [19, 31]∣∣0〉 = (1− 1
2
∑
p≥0,q<0
|Vpq|2
)|0˜〉+∑
p,q
Vpq|1˜p
〉+|1˜q〉− − 1
2
∑
p,q
∑
i,j
VpqVijφp,iφq,j |1˜p
〉+|1˜i〉+|1˜q〉−|1˜j〉−+O(h3). (22)
where |1˜p
〉+
:= a˜†p|0˜
〉+
and |1˜q
〉−
:= b˜†q|0˜
〉−
represent the single-particle Fock states for modes p ≥ 0 and q < 0,
respectively. The sign ± in the superscript denotes the sign of the charge. Further, the term φpi := 1 − δp,i is
introduced to incorporate the Pauli-exclusion principle for the single particle states with same charge sign. Also the
ordering of the single-particle kets corresponds to the ordering of the fermionic creation operators rather than the
fermionic modes [31]. Similarly, the charged single particle states in region III are [19, 31]
5k > 0 : |1k
〉+
=−
∑
p,q
VpqA∗qk|1˜p
〉+
+
∑
m≥0
A∗mk
{(
1− 1
2
∑
p,q
|Vpq|2
)|1˜m〉+ +∑
p,q
Vpqφpm|1˜m
〉+|1˜p〉+|1˜q〉−
− 1
2
∑
p,q;i,j
VpqVijφpiφpmφmiφqj |1˜m
〉+|1˜p〉+|1˜i〉+|1˜q〉−|1˜j〉−}+O(h3), (23a)
k < 0 : |1k
〉−
=
∑
p,q
VpqApk|1˜q
〉−
+
∑
m<0
Amk
{(
1− 1
2
∑
p,q
|Vpq|2
)|1˜m〉− +∑
p,q
Vpqφqm|1˜p
〉+|1˜q〉−|1˜m〉−
− 1
2
∑
p,q;i,j
VpqVijφpiφqmφqjφmj |1˜p
〉+|1˜i〉+|1˜q〉−|1˜j〉−|1˜m〉−}+O(h3), (23b)
where the one particle states |1k
〉±
in region I are
k ≥ 0 : |1k
〉+
= a†k|0
〉
, (24a)
k < 0 : |1k
〉−
= b†k|0
〉
. (24b)
IV. QUANTUM FISHER INFORMATION FOR TWO-MODE STATES
Here we investigate the behavior of the QFI for a complete trip of a two mode entangled states from region I
to region III in the perturbative regime to the order h2 and study how the uniform acceleration affects the QFI of
the evolved fermionic modes confined to the cavities. Although a single cavity can reveal the effect of non-inrtial
(accelerated) motion in time, as described in [17] and [19], the entangled mode in two cavities where one cavity
remains inertial throughout while the other may have segments of inertial and non-inertial motion may show richer
effect of non-inrtial (accelerated) motion. And a localization of non-uniform (accelerated) motion in time can then
be achieved by considering the initial and final segments of the accelerated cavity to be inertial [19]. We therefore
employed and followed the argument proposed by [17] and [19] to consider the effects of non-uniform motion on the
precision of parameter estimation. In addition, we have also considered a single cavity scenario for QFI analysis as
an extension.
A. Evaluation of Perturbed Eigenvalues and Eigenvectors
We consider a bipartite two qubit pure state parameterized by parameter θ in region I. The state consists of two
Dirac field modes where one of the modes is confined to Alice’s cavity and the other is confined to Rob’s cavity. The
initial parameterized state is ∣∣ψ±init〉ν = cos θ∣∣0〉A∣∣0〉R ± sin θ∣∣1m〉µA∣∣1k〉νR, (25)
where the subscripts A and R refer to the cavity of Alice and Bob, respectively. In this setting, the initial state can
be obtained by a unitary operation which entangles the two confined modes of cavities of Alice and Bob. However the
rate of entanglement, which is controlled by the parameter θ, is unknown. In other words, the parameter θ indicates
the initial entanglement of the two confined modes, and is not known in advance. However, the initially chosen
entangled state may provide some prior knowledge about the range of the parameter but not the actual value. The
superscripts µ and ν indicate whether the mode has positive or negative frequency, so that µ (ν) = + for m (k) ≥ 0
and µ (ν) = − for m (k) ≤ 0. Following the procedure given in [19, 31], the initial state (25) is represented by the
two-particle basis of the two mode Hilbert space with one excitation for each of the modes m and k in Alice’s and
Rob’s cavities, respectively. The corresponding density matrix in the region I is written as
ρ±ν = cos
2 θ
∣∣0〉
A
〈
0
∣∣⊗ ∣∣0〉
R
〈
0
∣∣+ sin2 θ∣∣1m〉µµA 〈1m∣∣⊗ ∣∣1k〉ννR 〈1k∣∣+ ( sin θ cos θ∣∣0〉µA〈1m∣∣⊗ ∣∣0〉νR〈1k∣∣+ h.c). (26)
It should be noted that all the modes, except the reference mode in the Rob’s cavity are related to the environment.
Therefore, a partial trace is taken over all of the Rob’s cavity modes except the reference mode k. By exploiting the
unitarity of the perturbed Bogoliubov transformation (15) up to the second order perturbation and using the inside
out partial tracing approach [19], the reduced density matrix in the region III is expressed as
6Tr¬kρ±ν ≡ρ±ν,k = cos2 θ
∣∣0〉
A
〈
0
∣∣⊗ {(1− f−νk h2) ∣∣0˜〉III〈0˜∣∣+ f−νk h2∣∣1˜k〉III〈1˜k∣∣}+ sin θ cos θ{± (Gk +A(2)kk h2)
× ∣∣0〉µ
A
〈
1m
∣∣⊗ ∣∣0˜〉ν
III
〈
1˜k
∣∣± h.c}+ sin2 θ∣∣1m〉µµA 〈1m∣∣⊗ {(1− fνk h2) ∣∣1˜k〉ννIII〈1˜k∣∣+ fνk h2∣∣0˜〉III〈0˜∣∣}. (27)
where fνk and f
−ν
k are defined as
ν > 0 : fνk =
∑
p≥0
|A(1)pk |2, (28a)
ν < 0 : fνk =
∑
q<0
|A(1)qk |2. (28b)
The density matrix can be re-written as
ρ±ν,k = ρ
±(0)
ν,k + ρ
±(2)
ν,k h
2, (29)
where ρ
±(0)
ν,k and ρ
±(2)
ν,k denote the unperturbed and perturbed matrix components, respectively. In order to evaluate
the QFI given by (8) for the density matrix in (27), we compute the non-zero eigenvalues and the corresponding
eigenvectors. The eigenvalues of the unperturbed part of the evolved density matrix ρ
±(0)
ν,k are {p(0)i } = {1, 0, 0, 0}.
Note that the eigenvalues 1 and 0 denote the non-degenerate and degenerate case, respectively. We compute the second
order corrections to the non-degenerate unperturbed eigenvalue p
(0)
1 = 1 using standard perturbation procedure as
prescribed in [32, 33]. However, in case of the triply degenerate eigenvalue p
(0)
2,3,4 = 0, the standard perturbation
method is not valid and is needed to be replaced by the degenerate case. The second order corrections to the
degenerate eigenvalue can be obtained by finding the eigenvalues of its degenerate subspace matrix M as described
in [33]. Consequently, the eigenvalues of the perturbed density matrix are obtained as
EigenVal
(
ρ±ν,k
)
= {pi} =
{
1−(cos2 θf−νk + sin2 θfνk )h2, cos2 θf−νk h2, sin2 θfνk h2, 0}. (30)
Since the trace of the perturbed density matrix is tr
(
ρ±ν,k
)
= 1 and all the eigenvalues are non-negative, ρ±ν,k satisfies
the density matrix representation. Again, using perturbation theory, the normalized eigenvectors corresponding to
the non-zero eigenvalues of ρ±ν,k are
|Φ1
〉
=
1√
N
{
G
(ν∗)
k (cos θ − α sin θ) , 0, 0,
(
sin θ+α cos θ
)}
, (31a)
|Φ2
〉
=
{
0, 1, 0, 0
}
, (31b)
|Φ3
〉
=
{
0, 0, 1, 0
}
, (31c)
where α and the normalization constant N are found to be
α := sin θ cos θ
(
f−νk − fνk
2
+ iIm
(
GkA¯(2)kk
))
h2, (32)
N = 1 + |α|2. (33)
B. Quantum Fisher Information with respect to the parameter θ
Next, we use (8) to compute the QFI of the Dirac field evolved from the region I to the region III. Prior to the
evolution, the QFI for the Dirac field of the initial bipartite system (26) with respect to parameter θ is Fθ = 4. After
the evolution of the system to the region III, we now compute quantum and classical contribution separately. By
using Eq. (9), the contribution to the QFI due to |Φ1
〉
is
Fθ,1 =
〈
Φ′1
∣∣Φ′1〉− ∣∣〈Φ1∣∣Φ′1〉∣∣2
= 1 + cos 2θ
(
f−νk − fνk
)
h2+O(h3), (34)
7where we have used (32) and (33) to get
Re
(
α′
)
N
= cos 2θ
f−νk − fνk
2
h2 +O(h3). (35)
Here, we observe that the other two states namely
∣∣Φ2〉 and ∣∣Φ3〉 are independent of the parameter θ. Therefore, the
individual contributions Fθ,2 and Fθ,3 disappear. Following the same argument, the mixed terms
〈
Φm
∣∣Φ′n〉 disappear
as well ∀m 6= n. Consequently, the net quantum contribution, Fθ, to the total QFI (8) is computed as
Fθ =4p1Fθ,1
=4
(
1− cos2 θf−νk h2 − sin2 θfνk h2 +O(h3)
) (
1 + cos 2θ
(
f−νk − fνk
)
h2 +O(h3)
)
=4
(
1− (sin2 θf−νk + cos2 θfνk )h2)+O(h3). (36)
Working perturbatively in the similar fashion and using the following relations
(p′1)
2
p1
= O
(
h3
)
, (37a)
(p′2)
2
p2
= 4 sin2 θf−νk h
2 +O
(
h3
)
, (37b)
(p′3)
2
p3
= 4 cos2 θ (fνk )h
2 +O
(
h3
)
, (37c)
the classical contribution, Fc, to the QFI (8) is given by
Fc =
3∑
i=1
(p′i)
2
pi
= 4
(
sin2 θf−νk + cos
2 θfνk
)
h2. (38)
Finally, using (36) and (38), the QFI (8) of the Dirac field modes confined to Alice’s and Rob’s cavities becomes
Fθ = Fθ + Fc = 4, (39)
where Rob’s field mode has evolved as discussed before. It is worth noticing that to the order h2, the QFI of
the bipartite cavities system remains invariant even after the evolution of field mode in Rob’s cavity. In contrast
to QFI, the entanglement of the maximally entangled bipartite system
(
θ = pi4 in Eq. (27)
)
was found to have
periodic degradation under the same evolution process [19]. These results show that the entanglement degradation
of the maximally entangled state does not cause any loss in the precision of the estimate of the parameter θ in the
perturbative regime to the order h2.
Furthermore, the invariance of Fθ through the inertial and non-inertial segments of motion is highly nontrivial as
for an arbitrary single qubit state, Zhong et al. [34] have indicated that Fθ remains unchanged only through phase-
damping channel. The QFI with respect to parameter θ for scalar and Dirac field modes, which are not confined to
the cavities, under Unruh-Hawking effect [26], yields the same result as computed in our case.
It is also important to note that to compute the QFI, and in turn the Cramer-Rao bound, the process of inertial
and non-inertial motion is repeated many times and there is a possibility that the perturbation in the motion may
go beyond the control of the observer. In order to circumvent this situation, we can resort to the unitarity of the
perturbed Bogoliubov transformation up to the second order perturbation. The unitarity of the perturbed Bogoliubov
transformation ensures the positive definiteness of the evolved density matrix (ρ ≥ 0) and its normalization (Trρ = 1).
Therefore, in each run, we can consider the evolved state for the evaluation of the QFI if it satisfies the density matrix
definition up to the second order perturbation and discard it otherwise.
C. Quantum Fisher Information distribution over subsystems
Lu et al. [35] provided an elegant hierarchical analysis for the QFI of the composite system with respect to its
constituent subsystems for a variety of measurement settings. In a similar fashion, we study the effect of accelerated
motion of Rob’s cavity on the distribution of the QFI, Fθ, over constituent subsystems. For the inertial fermionic
cavity of Alice, it is straightforward to show that FAθ = 4.
8FIG. 1: The plot shows the variation of QFI FRθ ; θ = pi/4 over Rob’s cavity in region III as a function of u := 12η1/ ln(b/a)
with h = 0.01. The solid curve (black) is for s = 0 with k = ±1. The dashed, dash-dotted and dotted curves are, respectively,
for s = 1
4
, 1
2
, 3
4
, in k=1 (blue) above the solid curve and k=-1 (red) below the solid curve.
Now let us consider the case for the fermionic mode in Rob’s cavity in region III. In this case, quantum part of the
QFI, Fθ = 0. Thus the only contribution to QFI, FRθ , is due to its classical part, Fc. Working pertubatively, as a
result, we have
(p′1)
2
p1
=
sin2 2θ
(
1− fkh2
)2
cos2 θ +
(− cos2 θf−νk + sin2 θfνk )h2
=4 sin2 θ
[
1+
(
f−νk −fνk tan2 θ − 2fk
)
h2
]
, (40a)
(p′2)
2
p2
=4 cos2 θ
[
1 +
(
fνk −f−νk cot2 θ−2fk
)
h2
]
, (40b)
where f+k , f
−
k given by (28) can be re-written as
f+k =
∞∑
p≥0
∣∣∣Ek−p1 ∣∣∣2 |A(1)pk |2, (41a)
f−k =
∞∑
q<0
∣∣∣Ek−q1 ∣∣∣2 |A(1)qk |2, (41b)
fk : = f
+
k + f
−
k =
∞∑
p=−∞
|A(1)pk |2, (41c)
with
E1 := exp
(
ipiη1
ln (b/a)
)
. (42)
The QFI FRθ finally reads
FRθ = 4− 4
(
sin2 θfνk + cos
2 θf−νk
)
sin2 θ cos2 θ
h2. (43)
Since by definition (41), the relations fνk and f
−ν
k are periodic and non-negative, the QFI over Rob’s subsystem
is non-negative and is less than or equal to 4 with 0 < θ < pi/2 for the perturbative regime |k|h  1. Plots for
parameter θ = pi/4 with k = ±1 are shown in Fig. 1. Consequently, the QFI of the bipartite composite system, Fθ,
is sub-additive. Further, it can be noticed that the QFI shows periodic degradation over Rob’s subsystem depending
upon the duration of non-inertial motion of Rob’ cavity. However, following the procedure described in [19], this
periodic degradation can be compensated by tuning the intervals of the inertial and non-inertial motion of the Rob’s
cavity.
9As an extension to the QFI computation of the two mode state, we evaluate the QFI for a single fermionic mode
restricted to one cavity and compare its variation with that of Rob’s cavity subsystem. The same setting of inertial
and non-inertial segments of motion is considered for the single cavity with the exception that the reference (inertial)
cavity is not employed in this case. The parameter θ is now encoded in the single fermionic cavity mode and the
initial state in region I is, therefore, written as∣∣ψinit〉 = cos θ∣∣0〉+ sin θ∣∣1k〉ν . (44)
The density matrix representation is given by
ρSν = cos
2 θ
∣∣0〉〈0∣∣+ sin2 θ∣∣1k〉νν〈1∣∣+ sin θ cos θ (∣∣0〉ν〈1∣∣+ ∣∣1〉ν〈0∣∣) . (45)
Using the inside out partial tracing approach [19] and by invoking the unitarity of the perturbed Bogoliubov trans-
formation (15), the reduced density matrix in region III is expressed as
ρSν,k ≡ Tr¬kρSν =
(
cos2 θ(1− f−νk h2) + sin2 θfνk h2
) ∣∣0˜〉〈0˜∣∣+ (sin2 θ(1− fνk h2) + cos2 θf−νk h2) ∣∣1˜k〉νν〈1˜k∣∣
+ sin θ cos θ
((
Gk +A(2)kk
) ∣∣0˜〉ν〈1˜k∣∣+ h.c) . (46)
Since both the eigenvalues {pi} = {1, 0} of the unperturbed part are non-degenerate, therefore the second order
correction to these eigenvalues can be obtained using standard perturbation theory as described in [33]. The non-zero
eigenvalues of the evolved state are given by
{pi} =
{
1− (cos4 θf−νk + sin4 θfνk )h2, (cos4 θf−νk + sin4 θfνk )h2} . (47)
The corresponding normalized eigenvectors are∣∣Φ1〉 = 1√
N
{
Gk (cos θ − α sin θ) (sin θ + α cos θ)
}
, (48a)∣∣Φ2〉 = 1√
N
{ −Gk (sin θ + α¯ cos θ) (cos θ − α¯ sin θ) } , (48b)
where N = 1 + |α|2 is as usual the normalization constant and α is defined as
α = sin θ cos θ
[
1
2
cos 2θfk +
(
f−νk − fνk
)
+ iIm
(
GkA¯(2)kk
)]
h2. (49)
The classical contribution to the QFI is given by
Fc =
∑
i
(p′i)
2
pi
= 16 cos2 θ sin2 θ
(
cos2 θf−νk − sin2 θfνk
)2(
cos4 θf−νk + sin
4 θfνk
) h2 +O(h4). (50)
The second term involved in the QFI, namely the quantum contribution due to the individual pure states, is computed
as follows
Fθ;i = 4
∑
i
pi
(〈
Φ′i|Φ′i
〉− ∣∣〈Φi|Φ′i〉∣∣2)
= 4 + 4
{
cos 4θfk + 2 cos 2θ
(
f−νk − fνk
)}
h2. (51)
Further, the quantum contribution due to the mixture of pure states can be expressed as
Fθ;ij = 8
∑
i 6=j
pipj
pi + pj
∣∣〈Φi|Φ′j〉∣∣2
= 16
(
cos4 θf−νk + sin
4 θfνk
)
h2. (52)
Finally, using the relations (50)-(52), the QFI for the single fermionic mode confined to the single cavity can be
expressed as
FSθ = Fc + Fθ;i − Fθ;ij . (53)
As shown in Fig. 2, the QFI behavior in the case of single Dirac field mode confined to the single cavity is similar to
that of the Rob’s cavity subsystem (Fig. 1). However, it is different from the QFI variation (39) of the bipartite or
composite system which remains invariant and shows no degradation up to the second order corrections.
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FIG. 2: The plots show the variation of QFI FSθ ; θ = pi/4, of a single fermionic mode within one cavity in region III as a
function of u := 1
2
η1/ ln(b/a) with h = 0.01. The solid curve (black) is for s = 0 with k = ±1. The dashed, dash-dotted and
dotted curves are, respectively, for s = 1
4
, 1
2
, 3
4
, in k=1 (blue) and k=-1 (red).
V. QUANTUM FISHER INFORMATION FOR THE WERNER STATE
We have studied the behavior of Fisher information for the entangled confined modes of cavities of Alice and
Bob, where the amount of entanglement is controlled by the parameter θ. We have found the invariance of Fisher
information regardless of the parameter θ up to the order h2. Therefore it is natural to ask whether the degrade of
entanglement does not affect on the Fisher information. Here, we study the dynamics of QFI for the Werner state,
which is a depolaring state of the θ parameterized two-qubit pure entangled state. For this purpose, we consider the
initial two qubit Werner state in region I given by
ρν = r
(
cos θ
∣∣0〉∣∣0〉+ sin θ∣∣1m〉µ∣∣1k〉ν) (cos θ〈0∣∣〈0∣∣+ sin θµ〈1m∣∣ν〈∣∣1k∣∣)+ 1− r
4
I, (54)
where the parameter r indicates the mixedness of the pure entangled two qubit state and the maximally mixed
bipartite state. Considering the perturbed evolution of the state in Rob’s cavity from region I to region III in the
similar fashion as discussed earlier, we transform the density matrix part confined to Rob’s cavity in terms of Rob’s
Region (III) basis to the order h2 with the help of (22) and (23). Afterwards, by exploiting the unitarity of the
Bogoliubov transformation (15) and applying the partial trace as described in [19], the reduced density matrix in the
region III is expressed as
ρ
W ;ν,k, = r
[
cos2 θ
∣∣0〉
A
〈
0
∣∣⊗ {(1− f−νk h2) ∣∣0˜〉III〈0˜∣∣+ f−νk h2∣∣1˜k〉III〈1˜k∣∣}+ sin θ cos θ{(Gk +A(2)kk h2)
×∣∣0〉µ
A
〈
1m
∣∣⊗ ∣∣0˜〉ν
III
〈
1˜k
∣∣± h.c}+ sin2 θ∣∣1m〉µµA 〈1m∣∣⊗ {(1− fνk h2) ∣∣1˜k〉ννIII〈1˜k∣∣+ fνk h2∣∣0˜〉III〈0˜∣∣}]
+rc
[(∣∣0〉
A
〈
0
∣∣+ ∣∣1m〉µµA 〈1m∣∣)⊗ {(1 + gνkh2) ∣∣0˜〉III〈0˜∣∣+ (1 + g−νk h2) ∣∣1˜k〉III〈1˜k∣∣}], (55)
where rc and g±νk are defined as
rc =
1− r
4
, (56a)
g±νk = f
±ν
k − f∓νk . (56b)
Thus the perturbed density matrix can be expressed in the compact form as
ρ
W ;ν,k = ρ
(0)
W ;ν,k
+ ρ
(2)
W ;ν,k
h2. (57)
The unperturbed part of the density matrix, ρ
(0)
W ;ν,k
, admits the same set of the eigenvectors as obtained for the two
mode pure state in Sec. IV corresponding to the respective unperturbed eigenvalues
EigenVal
(
ρ
(0)
W ;ν,k
)
= {r + rc, rc, rc, rc}. (58)
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Two explicit cases arise for r = 0 and r = 1. For r = 0, the unperturbed density matrix represents the maximally
mixed state, with standard basis and degenerate eigenvalue of p
(0)
1,2,3,4 = 1. In this case, the QFI with respect to the
parameter θ yields a trivial result, Fθ = 0. For r = 1, the situation is exactly the same as described in the Sec. IV.
Therefore we restrict the value of r, in the open interval 0 < r < 1.
It can be noted that, the eigenvalues r + rc and rc of the unperturbed part of the density matrix denote the non-
degenerate and triply degenerate cases, respectively. Therefore, following the perturbative procedure prescribed in
[32, 33] and used in the previous section for the non-degenerate and degenerate cases, the eigenvalues of the reduced
density matrix ρ
W ;ν,k in the region III are
{pi} =
{
r + rc − r (cos2 θf−νk + sin2 θfνk )h2 + rc (cos2 θgνk + sin2 θg−νk )h2, rc + rc (sin2 θgνk + cos2 θg−νk )h2,
rc + rcg−νk h
2 + rf−νk cos
2 θh2, rc + rcgνkh
2 + rfνk sin
2 θh2
}
. (59)
From (59), it can be seen that the perturbed density matrix satisfies the density matrix conditions, pi ≥ 0;∀i and∑
i pi = 1. Furthermore, the classical contribution, to the QFI, Fc, vanishes for 0 < r < 1. This is due to the fact that
for each eigenvalue, pi, the expression (∂θpi)
2/pi has the leading term of order h
4. Hence, Fc = 0 +O(h
4). However,
it is important to note that for the special case of r = 1, the classical contribution Fc is non-vanishing and is given
by (38). Next, the corresponding perturbed eigenvectors are
|Φ1
〉
=
1√
N
{
Gk
(
cos θ − βr sin θ
)
0 0 sin θ+ βr cos θ
}
, (60a)
|Φ2
〉
=
1√
N
{
−Gk
(
sin θ + β¯r cos θ
)
0 0 cos θ− β¯r sin θ
}
, (60b)
|Φ3
〉
=
{
0 1 0 0
}
, (60c)
|Φ4
〉
=
{
0 0 1 0
}
, (60d)
where N = 1 + |β|2/r2 is the normalization constant and β is defined as
β = sin θ cos θ
[f−νk − fνk
2
+ irIm(GkA¯(2)kk )
]
h2. (61)
The quantum contribution due to the individual quantum states is
Fθ;i = 4
∑
i
piFθ,i = 4
[
1 + r
2
+
{1 + r
2r
cos 2θ
(
f−νk − fνk
)− r(cos2 θf−νk + sin2 θfνk )}h2]. (62)
FIG. 3: The plot shows the variation of QFI FW ;θ at θ = pi/4 for bipartite Werner state in region III as a function of
u := 1
2
η1/ ln(b/a) with fixed value: h = 0.01, r = 1/3. The solid curve (black) is for s = 0 with k = ±1. The dashed,
dash-dotted and dotted curves are, respectively, for s = 1
4
, 1
2
, 3
4
, in k=1 (blue) above the solid curve and k=-1 (red) below the
solid curve.
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Next, we have the contribution to the QFI due to the mixture, which is given by
Fθ;ij =8
∑
i6=j
Fθ;ij
=16
[
1 + 2r − 3r2
8 (1 + r)
{
1 +
cos 2θ
r
(
f−νk − fνk
)
h2
}
+ (1− r) r
{ 1 + 3r
4 (1 + r)
2
(
sin2 θfνk + cos
2 θf−νk
)
− 1
2 (1 + r)
(
sin2 θf−νk + cos
2 θfνk
)}
h2
]
. (63)
The QFI Fθ of the Werner state, (55), with 0 < r < 1 can therefore be expressed using (62) and (63) as
Fθ = Fθ = Fθ;i − Fθ;ij . (64)
It can be noticed that for r < 1, the classical contribution, Fc, is zero while the quantum mixture, Fθ;ij , is non-zero.
However, for r = 1, the classical contribution is non-vanishing while the mixture term disappears and we obtain the
same result (39) as a special case. Unlike the pure two qubit state case earlier discussed in Sec. IV, it can be seen
from (64) that the QFI of the Werner state is affected due to the inertial and non-inertial segments of Rob’s cavity
motion for mixing parameter r ∈ (0, 1). Furthermore, the QFI of the Werner state exhibits periodic degradation for
r ∈ (0, 1) as shown in Fig. 3 for the case of θ = pi/4 and r = 1/3. This periodic degradation, however, can be avoided
by fine-tuning the duration of inertial and non-inertial trajectories for Rob’s cavity.
The effect of mixing parameter r is also investigated and is shown in Fig. 4. It is shown that as the parameter r
FIG. 4: The plot shows the variation of QFI FW ;θ at θ = pi/4 for bipartite Werner state in region III as a function
of u := 1
2
η1/ ln(b/a) with h = 0.01. The colored curves from bottom to top correspond to the values of parameter
r = 0.1, 0.33, 0.5, 0.66, 0.85, 0.99, respectively. The mode in Rob’s cavity is kept fixed at k = 1 with s = 0 for all these
curves.
varies(in the region of 0 < r < 1), the QFI of Werner state is affected by the inertial and non-inertial segments of
motion of Rob’s cavity.
The QFI distribution over subsystems of Alice’s and Rob’s cavity modes can be evaluated using a procedure similar
to that of Sec. IV C. The QFI FAθ over Alice’s cavity in region III is given by
FAθ =
4r2 sin2 2θ
1− r2 cos2 2θ . (65)
The QFI FRθ over Rob’s cavity in region III is given by
FRθ =
4r2 sin2 2θ
1− r2 cos2 2θ
[
1− 2fkh2 − r cos 2θ
1− r cos2 2θ
{
4r
(
cos2 θf−νk −sin2 θfνk
)
+2(1−r)(f−νk −fνk )}h2]. (66)
Since the QFI for each cavity mode is non-negative and has a maximum value of 4, therefore the QFI distribution
over subsystems is sub-additive.
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VI. CONCLUSION AND DISCUSSION
We investigated the effect of relativistic motion on the quantum Fisher information of the (1 + 1) Dirac field modes
confined to cavities. For this purpose, we considered a realistic scheme for two cavities. In our scenario, the modes
of a massless Dirac field were confined to the two cavities with Dirichlets boundary conditions, where one of the
cavities remained inertial, while the other underwent the segments of inertial and non-inertial motion with uniform
acceleration. The acceleration was assumed to be very small and its effects were analyzed in a perturbative regime.
We considered a θ parameterized two-qubit pure entangled state and a Werner state. In contrast to the degradation
of entanglement due to the relativistic motion between the cavities, the quantum Fisher information of the pure
composite system Fθ with respect to parameter θ was found to be invariant under the same conditions. However, in
the case of the Werner state, which is a depolaring state of the θ parameterized two-qubit pure entangled state, the
quantum Fisher information displayed periodic degradation, due to the inertial and non-inertial segments of motion.
Furthermore, the quantum Fisher information over Rob’s cavity showed periodic degradation behavior depending
upon the parameter θ as well as the uniform acceleration for both the two qubit pure state and Werner state. The
quantum Fisher information over Alice’s cavity remained invariant throughout the motion of Rob’s cavity for the two
qubit pure state, whereas for the Werner state it was affected by the mixing parameter of the Werner state. The
subadditivity of the quantum Fisher information was held regardless of the pure composite system or the Werner
state.
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